Solving recurrences Master
Theorem.

Slide credit: David Luebke (Virginia)



Review: Merge Sort

MergeSort(A, left, right) {
if (left < right) {
mid = floor((left + right) / 2);
MergeSort (A, left, mid);
MergeSort(A, mid+1, right);
Merge(A, left, mid, right);
}

}

// Merge() takes two sorted subarrays of A and

// merges them into a single sorted subarray of A.
// Code for this is in the book. It requires 0(n)
// time, and *does* require allocating 0(n) space



Review: Analysis of Merge Sort

Statement Effort

MergeSort(A, left, right) {
if (left < right) {
mid = floor((left + right) / 2);
MergeSort (A, left, mid);
MergeSort(A, mid+1, right);
Merge(A, left, mid, right);

}
¢ So T(n)= ©(1)whenn =1, and
2T(n/2) + ©(n) whenn > 1

e This expression is a recurrence

T(n)

©(1)
©(1)
T(n/2)
T(n/2)
©(n)



Recurrences

® The expression:

C n=1

T@@cn n>1
R

1S a recurrence.

TI'(n)=

LI_I_II%_II (HINg

" Recurrence: an equation that describes a function in
terms of its value on smaller functions



Recurrence Examples

0 n=0
+s(n—-1) n>0

0 n=0

s(n)=0]
[C +s(n—-1) n>0

s(n) =
[

C n=1

T%%cn n>1

T'(n)= I'(n)=

LI_I_II%_II [HINg
Iﬂ

e

Sing
v

Ill_dIIIIIIIIII



Solving Recurrences

® Substitution method
® [teration method
e Master method



Solving Recurrences

® The substitution method (CLR 4.1)
" A.k.a. the “making a good guess method”

" Guess the form of the answer, then use induction
to find the constants and show that solution works

" Examples:
0T(n)=2TM/2)+OMm) 0 T(n)=0(nlgn)
0 T(n) = 2T(G/20) + n O 2?7



Solving Recurrences

® The substitution method (CLR 4.1)
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Solving Recurrences

® The substitution method (CLR 4.1)
" A.k.a. the “making a good guess method”

" Guess the form of the answer, then use induction
to find the constants and show that solution works

" Examples:
0 T(n) =2T(n/2) + ©(n) = T(n)=0O(nlgn)
0 T(n) = 2T(M/20 + n = T(n) = O(n Ig n)
0 T(n) = 2T(/23 17) + n > O(n lg n)



Solving Recurrences

e Another option is what the book calls the
“iteration method”

" Expand the recurrence
" Work some algebra to express as a summation

" Evaluate the summation

* We will show several examples
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0 n=0

]
s(n) =0
¢+s(n-1) n>0

e s(n) =
c +s(n-1)
c +c+s(n-2)
2C + s(n-2)
2¢c + ¢ + s(n-3)
3¢ + s(n-3)

kc + s(n-k) = ck + s(n-k)
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0 O n=0
s(n)=0
c+s(n—-1) n>0

e So far for n >= k we have
" s(n) = ck + s(n-k)
e What if k = n?

" s(n) =cn +s(0) =cn
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0 O n=0
s(n)=0
c+s(n—-1) n>0

e So far for n >= k we have
" s(n) = ck + s(n-k)
e What if k = n?

" s(n) =cn +s(0)=cn

* 50 ] 0 n=0
s(n) =

c+s(n—-1) n>0
e Thus in general

" s(n) =cn
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0 n=0

[]
s(n)=0
m+s(n=-1) n>0

s(n)

n + s(n-1)

n+ n-1+ s(n-2)

n +n-1+ n-2 + s(n-3)

n+n-1+n-2+n-3 + s(n-4)

n+n-1+n-2+n-3+...+n-(k-1) + s(n-k)
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0 n=0

]
s(n) =0
m+s(n—-1) n>0

s(n)

n + s(n-1)

n+ n-1+ s(n-2)

n +n-1+ n-2 + s(n-3)

n+n-1+n-2+n-3+ s(n-4)

n+n-1+n-2+n-3+...+n-(k-1)+ s(n-k)

n

PR
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0 0 n=>0
s(n) =0
m+s(n—-1) n>0

e So far for n >= k we have

n

i:;;-kil "ol
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[ ] 0 n=0
s(n) =

m+s(n—-1) n>0

e So far for n >= k we have

n

Zi + s(n—k)
I=n—k+1
e What if k =n?
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0 0 n=>0
s(n) =0
m+s(n—-1) n>0

e So far for n >= k we have

n

Zi + s(n—k)
I=n—k+1
e What if k =n?

ii + 5(0)

" +
Zi + 0 = n”_l
=) 2
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0 0 n=>0
s(n) =0
m+s(n—-1) n>0

e So far for n >= k we have

n

Zi + s(n—k)
I=n—k+1
e What if k =n?

k k n+1
1 + s(0 — I + 0 = n—
i+ s =y 2
® Thus in general
n+1
s(n) = n——
(n) 5
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n=1

I'(n)= %T@&c n>1

e T(n)=
2T(n/2) + ¢
2(2T(n/2/2) + ) + ¢
2°T(n/2%) + 3¢
2%(2T(n/2%/2) + ¢) + 3¢
23T(n/23) + 4c + 3¢
25T (n/23) + 7c
23(2T(n/23/2) + ¢) + 7c¢
24T(n/2%) + 15¢

2KT(0/25) + (2% - 1)c
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% n=1

T'(n)= TEEH+C n>1
—ijlﬂ_

e So far for n > 2k we have
? T(n) = 2T'(n/2%) + (2" - 1)c
e What if k =1g n?
v T(n) = 2% T(n/2%) + (2" - 1)c
=nT(m/n) + (n- 1)c
=n T(1) + (n-1)c
=nc+ (n-1)c=(2n- 1)c

21



Generalize previous result

I'(n) = T I’l +cn n>1

® More general recurrence than last one

® Previous example: a=b=2.

® New feature: result depends on whether a<b,
a=bora>b!
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n=1

I'(n)= %T@Hﬂ:n n>1
b

® T(n) =
aT(n/b) + cn
a(aT(n/b/b) + cn/b) + cn
a’T(n/b?) + cna/b + cn
a’T(n/b?) + cn(a/b + 1)
a’(aT(n/b%/b) + cn/b?) + cn(a/b + 1)
a’T(n/b3) + cn(a?/b?) + cn(a/b + 1)
a*T(n/b%) + cn(a?/b® + a/b + 1)

a“T(n/b*) + cn(axl/bx! + a¥?/b*2 + ... + a?/b> + a/b + 1)
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n=1

I'(n)= T@H‘FCTI n>1
4 -

® So we have
® T(n) = aT(n/b") + cn(a*/b"+ ... + a¥/b*+ a/b + 1)
e For k =log n
® n= Db
® T(n) =aT(1) + cn(a*/b"+ ... + a¥/b*+ a/b + 1)
= a‘c + cn(a*/b*'+ ... + a/b’+ a/b + 1)
= ca* + cn(a*/b*'+ ... + a¥/b’+ a/b + 1)
= cna‘/b* + cn(a*/b"+ ... + a¥/b*+ a/b + 1)
= cn(aY/b*+ ... + a¥/b*+ a/b + 1)
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log,n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)
® What if a = b?
®"T(n) =cn(k + 1)
=cn(log n+1)
= ©(n log n)

25



n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log,n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)
e What if a <b?
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log,n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)
® What if a < b?
® Recall that 2(x*+ x+ ... +x+ 1) = (x*-1)/(x-1)
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n=1

I'(n)= T@H‘FCTI n>1
4 -

e So with k =log,n
® T(n) = cn(a/b*+ ... + a¥b*+ a/b + 1)
® What if a <b?
® Recall that (x*+ x*+ ... +x+ 1) = (x*-1)/(x-1)

" So:
ak +ak_1+”.+g+1 _ (a/b)kﬂ—l _ 1_(a/b)k+l < 1
b* b+ b (a/b) -1 1-(a/b 1-a/b
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n=1

I'(n)= T@Hﬂ:n n>1
4 b

e So with k =log,n
® T(n) = cn(a/b*+ ... + a¥b*+ a/b + 1)
® What if a < b?
® Recall that 2(x*+ x+ ... +x+ 1) = (x*-1)/(x-1)

" So:
ak +ak_1+”.+g+1 _ (a/b)kﬂ—l _ 1_(a/b)k+l < 1
b* b+ b (a/b) -1 1-(a/b 1-a/b

®T(n) =cn-O(1) = ©(n)
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log, n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)
e What if a > b?
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log, n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)

° Whgt ifk_ell > b?

a’ a— o oa. . _ (a/b)" -1 _ K
p* b+ b T apr Hase)
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

e So with k =log, n
® T(n) = cn(a¥/b'+ ... + a¥/b’+ a/b + 1)

® What if a > b?

a* a” o oa, . _ (a/b)" -1 _ K
p* b+ b T apr Hase)

® T(n) =cn - ©a*/ b
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n=1

I'(n)= T@H‘FCTI n>1
4 -

e So with k =log, n
® T(n) = cn(a/b*+ ... + a¥b*+ a/b + 1)

® What if a > b?

a* a” o oa, . _ (a/b)" -1 _ K
p* b+ b T apr Hase)

®T(n) =cn - O("'/b
= Cn - O(a® /b") =cn - O(a%"/n)
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n=1

I'(n) = %T@Hﬂ:n n>1
b

e So with k =log, n
® T(n) = cn(a/b*+ ... + a¥b*+ a/b + 1)

° Whgt ifk_a > b?

a +(1 1+....|.a.|_ — (a/b)k+1_1 _ k
pk  pk- E 1 = (G/b)—l — @((a/b))

® T(n) =cn- O /b
= Cn - ©(a%"/ b%) =cn - ©O(a"*"/ n)

recall logarithm fact: a“" = n""
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n=1

I'(n)= T@Hﬂ:n n>1
4 b

e So with k =log, n
® T(n) = cn(a¥/b*+ ... + a?/b*+ a/b + 1)
e What if a > b?

4~ ak1+ - (a/b)kﬂ;l = @((a/b)k)

b| -

N ”lb(n) = cn - O(ak /bbk) (a/ )
=QCn - @(alogn / blog ﬂ) =cn G(alogn / n)
recall logarithm fact: a'9" = n'9a

=cn - ©O(n'°¢?/n) = O(cn * n'*¢2 / n)
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n=1

I'(n)= T@Hﬂ:n n>1
4 b

e So with k =log, n
® T(n) = cn(a¥/b*+ ... + a?/b*+ a/b + 1)
e What if a > b?

4~ ak1+ - (a/b)kﬂ;l = @((a/b)k)

- Flb(n) =cn - O /bbk) [a/b) -
= cn - O(a "/ bleem) = cn - O(ae" / n)
recall logarithm fact: a'9" = n'9a
=cn - ©(n'°¢2/ n) = O(cn - n'°é¢2/ n)
= O(n'e)
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n=1

I'(n)= T@H‘FCTI n>1
Jﬂ_

® So...

(

®|(n] a<b
@(nlogbn) a=>b
Oln %" a>b

\
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The Master Theorem

® Given: a divide and conquer algorithm

® An algorithm that divides the problem of size n
into a subproblems, each of size n/b

® [ et the cost of each stage (i.e., the work to divide
the problem + combine solved subproblems) be
described by the function f(n)

® Then, the Master Theorem gives us a
cookbook for the algorithm’s running time:

38



The Master Theorem

e if T(n)=aT(n/b) + f(n) then

T(n)=

(nlogba )

£ (n) = O]

(nlog”“ log n) f(n)= @(nlog”“)

[ f(m))

f(n)= Q(nbgb““) AND

af (n/b) <cf (n) for large n
39
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Using The Master Method

® T(n)=9T(n/3) +n
®3=9,b=3,f(n)=n
B nlogba — nlog39 — @(HZ)

® Since f(n) = O(n*%°%), where €=1, case 1 applies:
T(n)= G)(nlog"“) when f(n) = O(nlog”“_g)

® Thus the solution is T(n) = O(n’)
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Sorting revisited

e We have seen algorithms for sorting: INSERTION-SORT,
MERGESORT

e More generally:
e We are given a sequence of items

e FEach item has a characteristic called sorting key. The values
of the sorting key belong to a set on which there exists a
total order relationship

e Sorting the sequence = arrange its elements such that the
sorting keys are in increasing (or decreasing) order

41



Sorting revisited

Other assumptions:

e We shall consider that the sequence is stored in a random access memory
(e.g. in an array)

o This means that we will discuss about internal sorting

e We shall analyze only sorting methods which are in place (the additional
space needed for sorting has at most the size of an element/few elements.

¢ Stability: preserves ordering of elements with identical keys

42



Stability

Example:

e Initial configuration:
((Adam,9), (John, 10), (Peter,9), (Victor,8))

e Stable sorting :
((John,10),(Adam,9),(Peter,9),(Victor,8))

e Unstable sorting :
((John,10), (Peter,9),(Adam,9), (Victor,8))

43



5898

588G

Insertion sort — stability

, S8 |
, 5898
» SBE 9]
, 158809

The insertion method is stable

Algorithmics - Lecture &



Coming up: Sorting methods

® (done) INSERTION-SORT, MERGESORT
e SELECTION-SORT, QUICKSORT

e HEAPSORT

® Sorting in linear time

e Order statistics: median, etc.

45
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