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Abstract

In the paper we introduce and study partitions of vectors in NP, as a natu-
ral extension of the classical partitions of integers. We show that these vector
partitions are the suitable combinatorial notion in extending the Faa di Bruno
formula to a general multi-variable setting, as well as in generalizing Bell poly-
nomials. The Adomian polynomials can be obtained from this framework as
a particular case. We also give a recursive algorithm which is proved to gen-
erate all the vector partitions without repetitions, and which can be used in
numerical applications of extended Faa di Bruno formulae and generalized Bell
polynomials.
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1. Introduction

Many problems and numerical applications require expressing the composi-
tion h = g o f of two power series f and g as a power series and computing its
coefficients from the coefficients of f and g. When Taylor series are involved,
an alternative formulation regards the computation of nt"* order derivatives of
g o f from the derivatives of f and g up to the order n.

Identifying coefficients in a composition of power series is basically a combi-
natorial approach to rearrange and group terms arising in multinomial expan-
sions. This rearrangement is naturally connected to the set of the partitions of
an integer n, i.e. all the distinct possibilities of writing n as a sum of positive
integers, the order of the terms left aside. Formally a partition of n can be
regarded as a function 7 : N* — N satisfying >, cy. jm(j) = n, each value 7 ()
indicating how many times the number j appears in the partition. We will de-

*This work was supported by a grant of Ministery of Research and Tnnovation, CNCS -
UEFISCDI, project number PN-ITI-P4-ID-PCE-2016-0842, within PNCDI III

Preprint submitted to FElsevier December 8, 2017



note by |r| =}, m(j) the cardinal of the partition 7, representing the number
of terms in the sum. We will also use the notation 7! = [, m(j)!.

In the case when f and g are functions of one variable, the n'” order deriva-
tive of g o f is given by the well known Faa di Bruno formula

n n! @ (2)\"
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1l
meP, J J:

where P,, denotes the set of all the partitions of n. The Faa di Bruno formula
is often written in a form that emphasises the Bell polynomials, by grouping
together in (1) the partitions of cardinal k = 1,2, ...:

L) = Y g ENBsC), () SO, (@)

where the Bell polynomials B, ;, for 1 < k < n are defined by
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In a multi-dimensional framework, a context that has been widely inves-
tigated is f : R — R? and g : R? — R. The interest for this setting is
motivated by the Adomian decomposition method for numerically solving dif-
ferential equations [2], where the coefficients of the composed power series are
regarded as Adomian polynomials. In this type of Fad di Bruno extension, the
role of the classical partitions is taken by what one could call vector-valued par-
titions of an integer n, i.e. functions m = [m,...,m,] : N* — N? satisfying
i Zj Jjm(j) = n, each such function giving rise to a term in an Adomian
polynomial. These extended partitions implicitly appear under different forms
in various papers such as [1] or [3] (in this latter paper they are viewed as index
matrices), where different algorithms to generate them are given.

In this paper we deal with the general case f: RP — R? and g : R? — R.

In contrast to the case p =1,¢ > 1 considered in Adomian decompositions,
our initial interest was rather to the opposite framework p > 1,4 = 1. This
setting appears in numerical applications in the framework of multi-dimensional
filter design, based on the theory of multi-variable Hardy spaces. One typical
filter design problem requires the computation of analytic functions with a given
absolute value on the distinguished boundary of the unit (poly)disk ([5],[6]).
Special solutions to this problem are the so called outer functions, which can
be expressed as exponentials of Poisson-kernel integrals (see e.g. [4]). As such,
their numerical estimation means computing the coefficients of go f, where f is
a p-variable power series (representing a Poisson integral), and g(z) = €*.



This particular case p > 1, = 1 will be first considered in Section 2, not
only because of its own motivation, but mainly because many aspects of the
general case p > 1,q > 1 are either related or reducible to this case. We show
that, in contrast to the case p = 1,¢ > 1 of Adomian polynomials, featuring
vector-valued partitions of integers, the context here naturally produces the
opposite, i.e. integer-valued partitions of vectors.

We define a partition of a vector & € N? \ {0} in exactly the same manner
as for integers, as being any way to write « as a sum of vectors in N \ {6}, the
order of the terms left aside (the notation 6 stands for the origin of NP). When
regarded as a function, a partition of a vector « is a map = : NP\ {#} — N
satisfying )5 Bm(8) = a.

By the means of vector partitions we give the generalized Faa di Bruno
formula for a composition R? LR R, in both power series and derivative
versions. We also give their naturally related extension of the Bell polynomials,
after showing some properties of certain classes of vector partitions.

Section 3 provides the generalizations of the Faa di Bruno formulae and
of the Bell polynomials in the general case p > 1,q > 1. Here the proper
notion of partition is a combination of the two extensions mentioned before.
More precisely, we call a g-valued partition of a vector o in NP a function
m=[m, . mg) : NP\ {0} — N7 satisfying -5 8> °9_, 7;(8) = . We also show
some properties of certain classes of ¢-valued partitions of vectors and describe
how they can be constructed from single-valued partitions of vectors.

Finally Section 4 is dedicated to the algorithmic construction of vector par-
titions classes, which can be used in numerical applications of the Fad di Bruno
extensions described in the previous sections. We give here a recursive algo-
rithm to generate all the partitions of a vector from the partition set of one
of its predecessors in either coordinate. We prove that the algorithm produces
all the successor’s partitions without repetitions. The idea of the algorithm
is a non-trivial generalization of a standard algorithm for generating number
partitions.

2. Partitions of vectors and Faa di Bruno extensions

Let us first consider the case of a p-variable power series, denoted f(z) with
z=(21,...,%p), and a one variable power series g(w). Without restraining the
generality we may suppose they are both centered at the origin:

F@) = Y aaz®  glw) =Y b, (4)
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with the standard multi-index notation z* = 2 -+ 2,”.
Suppose the composition h(z) = g(f(z)) is written as the power series

h(z) = Z Caz® (5)
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whose coefficients (¢, )aene need to be computed from (aq)aene and (by)nen.

In order to do this, fix an integer n and a multi-index o = (a1,...,0p) in
NP\ {#} and let us look at terms in z* in the multinomial expansion of

(Y agz”)( D apz?) - (D agz’). (6)
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Obviously any such term derives from all possibilities of writing the multi-degree
« as a sum of at most n non-zero multi-degrees, and all the possibilities to affect
these multi-degrees to the n parentheses.

This naturally implies the partition of the vector « into vectors of non-
negative integers, suggesting the following:

Definition 1. Given a vector o € NP\{0}, a partition of « is any way of writing
a as a sum of vectors in NP\ {0}, the order of the terms left aside. Alternatively,
a partition of a is @ map m : NP\ {0} — N satisfying 35 fr(B) = . In this
sense we also admit the trivial map m = 0 as the unique partition of 6.

As in the one-dimensional case, the number 7(3) indicates how many times
the vector 8 appears in the partition. In particular the support supp(w) = {3 :
7(B) # 0} indicates which vectors form the partition. Clearly supp(n) is a finite
set contained in the hyper-rectangular region

DQZ{BENpIﬁjSOéj,lngp}. (7)

We will denote P, the set of all the partitions of . For m € P, we denote
by [r| = > 5 7(B) the cardinal of 7, representing the number of terms in the
partition 7. We also write 7! = [[5 7(53)!.

Let us go back to identifying terms in z® in (6), and fix one partition 7 € P,
such that |7r| < n. Such a fixed partition 7 indicates that, for each § in the
support of 7, the term in z” will be chosen from a number of 7(3) parenthesis.
This means a total number of |r| parentheses, while the remaining n — |r|
parenthesis will provide the free term in the series of f. Now the number of
possibilities of choosing the parentheses this way obviously coincides with the

multinomial coefficient n!/ ((n — [T 1s w(ﬁ)!).
Therefore, by summing up over all the partitions of o with cardinal not
exceeding n, the coefficient of z in (6) is

n! x| T ,7(8)
2. wl(n — |a])! 0 [Ja5"
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This leads to the following multivariable power series version of the Faa di Bruno
formula:



Theorem 2.1. Let f(z) = ) cpp 0a2® and g(w) = )
cients of the composed power series h(z) = g(f(z)) are

nen bnw™. The coeffi-

n—|m|

H aﬂ(ﬁ) a
Ca= Yy, > bnn!(ne_ﬁ (a € NP). (8)
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This formula is particularly simple when g(w) = e¥, as the sum over n in (8)
always equals e?? :

Corollary 2.1. If f(z) = }_ cn» 0aZ” then
m(B)
: a
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The following Faa di Bruno version for partial derivatives can be easily ob-
tained with the same arguments as before, by considering partial Taylor series
and a remainder, instead of the whole power series. This version corresponds
in fact to the particular case of (8) when ag = 0 (which amounts to saying that
the series g is centered at f()). In this case the sum over n in (8) is reduced
to its first term.

Theorem 2.2. Let o € NP, f(z) a function in p variables that admits partial
derivatives up to the multi-order a at zg and g(w) a one-variable function ||
times differentiable at f(zo). Then

o)

a 9\8 ” (B)
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with the multi-index notations
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A generalized Bell polynomial form of the Faa di Bruno formula can be
derived, exactly as in the one-variable case, by simply regrouping in (10) the
partitions of cardinal £ = 1,2,.... The only point that needs to be clarified is
which are the variables of the extended Bell polynomials.

Let us have a look at this matter in the one-dimensional case which was
briefly recalled the introduction. Denote P, j the set of the partitions of n with
cardinal k, each such partition giving rise to a term of the Bell polynomial B,, j.
It is clear from (3) that each variable x; effectively appears only in those terms
that arise from partitions m € P, j for which 7 (j) # 0. Therefore the set of the
indexes j that appear in at least one term coincides with the set

Dui= | supp(n). (11)
TEP, i



One can easily check that D, , = {1,2,...,n—k+ 1}, which explains why B, j,
is defined as a polynomial in n — k + 1 variables.

Now returning to the multi-dimensional setting, let us denote P, j the set
of the partitions of « with cardinal k. In order to write the generalized Bell
polynomials for the Faa di Bruno extension (10), clearly one should first have a
look at the set

Dy j = U supp(m), (12)

ﬂGPa,k

which represents, as in the one-dimensional case, the index domain for the
variables of the extended Bell polynomial. In order to give an explicit description
of this set we will use a couple of notations and one lemma.

For 8 in NP we denote by g the Dirac function at 3, whose values are 1
at 8 and zero elsewhere on NP. This allows writing partitions m € P, as linear
combinations 7 = 5 m(3)dg. We also denote by e1, ..., ¢, the canonical base in
RP.

Lemma 2.1. Let « in NP\ {6}.

a) For any partition m € P,, || < |al.

b) For any integer k € {1,2,...,|a|} there is a at least one partition m € P,
with 7| = k.

Proof. To see a) observe that
ol = 1Y m(B)8l =Y _=(B)IBl = Y_w(B) = |l.
B B B

Note that equality above holds only when 7 = Z§:1 a;de;, whose support
contains only vectors in the canonical base.

For b) suppose k < |a| and let 8 be any vector in the hyper-rectangle D,,
defined in (7) such that |3] = |a| =k +1. Put 7 = d5+>_7_, (@ — 3;)d,,. Then
7 is a partition of «, since

5
Moreover
p
=) () =1+ (a;=B) =1+ (la] = [B) = 1+ (k= 1) = k,
¥ j=1
and the proof is complete. [

We can now give the explicit description of the index domain for the variables
of the extended Bell polynomials.

Proposition 1. Let o € NP\ {0} and 1 < k < |a|. Then.

Dase = {8 € Da: 18 < la] — k+ 1}, (13)



Proof. For the direct inclusion, suppose j in D,, and 7 in P, j such that 7(53) #
0. Then

lal =yl = 18] + (w(8) = IS+ D w1l =

v v#B

> 18 +7m(B) -1+ Y 7)) =18l -1+ =B+ k-1,
Y#B

therefore |5 < |a| — k + 1.

For the inverse inclusion, suppose 8 in D, with |8] < |a| — k + 1 and put
v = a— . Then v has non-negative coordinates and |y| > k—1. By the Lemma
2.1 b), there is a partition 7 of v with |7| = k — 1. But then 7 = 7+ dz is a
partition of @ with |7| = |7] + 1 = k and 7(8) # 0, and the proof is complete.
O

We can now conclude this section by giving the extended Bell polynomial
form of the Faa di Bruno formula for partial derivatives. The sum over partitions
on right side of (10) can be regrouped by cardinal and written as

o la| 2) (8)
(5) st =X a" @) = 4 1] ( ””) -
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where the extended Bell polynomials B, depend on a family (zs)sep, , of
variables indexed over the domain D, j described in Proposition 1, and are
defined by:

Buslesen) = X 4 T (%) 1
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3. Vector-valued partitions of vectors and Faa di Bruno extensions

In this section we deal with compositions in the general case f : RP — RY
and g : R? — R. As one could expect, the proper extended partitions in this
case should be partitions of vectors in NP, as described in the previous section,
but valued in N9, as in the framework of Adomian decompositions ([1], [3]). The
natural definition is the following:

Definition 2. Let p > 1, g > 1 be two integers and o a vector in NP. We will
call a g-valued partition (or simply a q-partition) of the vector a any map

m=(m,...,mq) : NP\ {6} = N



satisfying

The set of the g-partitions of o will be denoted PJ.

For any ¢-partition 7 € PJ, the components 7; are partitions of the vectors
n’ =5 67;(8), with nt +---+n/ = a. Thus the set P of the g-partitions of
« can be regarded as a union of cartesian products of partition sets:

PY = U Py x P2 x -+ X Py (15)
nl ..., n4 NP
nt+tni=a
For m € P4, the cardinal of 7 is defined as |7| = ;1-:1 |7Tj| = Zj-:l Zg ;i (8).

We also denote 7! = []j_, m;!.
Let us consider now a vector-valued power series f(z) = (fi(z),..., fy(2))
in p variables

= > ez (1<j<q)
a€eENP
and a scalar power series g(w) = >y, byW” in g variables.
We wish to compute the coefficients ¢, of the composed power series

z)) = Z caz”
a€eNP

For this, fix v = (71,...,7,) € N2\ {8} and consider the composition of the
single term 5,w? of g with f, expanded as:

Zal BZ Zal,gz Zaqﬁz Zaq 5z (16)

Y1 Ya

Fix now a € NP and let us identify the terms in z% in the above expansion
by the means of the g-partitions of a. Let us fix a g-partition 7 of «, such that
|mj| < ~; for 1 < j < q. For every multi-degree § € NP, each number 7;(f3)
indicates how many times the term in z” was chosen within the j-th group of
parentheses in (16). Inside each group, the m;(5) parentheses can be chosen in

Yt/ (v — |15 75(8)! ) manners. By taking products over j, then summing
up over all such g-partitions and all « one obtains:

Theorem 3.1. (extended Faa di Bruno formula for multiple power series) The
coefficients of the composition g o f are:

q 1H,8 a/T_"j;B) a0 i —|m;l
— J= Js J,
=D = > ]l L =T (17)
mEP] v e N? J=
Vi 2 |



As in the scalar case, the version for partial derivatives of the above formula
can be obtained by replacing whole power series with partial Taylor series and
a remainder, and setting a1 9 = --- = aq,0 = O:

Theorem 3.2. Let o« € NP\ {0}, f = (f1,..., fq) a vector-valued function of
p variables that admits partial derivatives up to the multi-order o at zg and g

a q-variable function admitting partial derivatives up to the order |«| at f(zg).
Then:

: a | g PPN
(3) sven =5 !MWO»HH(W>

rePd ; ow
(18)

Before emphasizing the extended Bell polynomial form of (18), let us have a
closer look at g-partitions with coordinatewise-specified cardinals. For a € NP
and k = (k1,...,Kq) in N7, we denote by Pg, the set of all the g-partitions 7
of o with |7;] = k5,1 < j <q.

Proposition 2. Let p,¢ > 1, « € NP and k = (K1,...,kq) € N°.
a) The set Pd . is not empty if and only if |k| < |a].
b) Suppose |k| < |a| and let

Vo = {(n's-.con®) € W)Y ) = a|n’| 2 k1< j <q). (19)

Jj=1

Then:
Pl = U P sy X Pz oy X oo X Pra g, (20)
(nla“~777q)eva,m

The assertion b) is straightforward from (15) and the Lemma 2.1 a), as the
"only if" part of a). By (20) and the Lemma 2.1 b), the fact that P{, is not
empty when |o| > || is equivalent to the fact that the set V, . is not empty
under the same hypothesis. This follows clearly from the following lemma which

gives a "constructive" description of this latter set.

Lemma 3.1. Let a € NP and k = (K1, ...,Kq) € N? with |k| < |a|. Any g-tuple
of vectors (n',...,n?) in V,. . satisfies the following conditions:

(C1):n' € Do, w1 < 0| < af = X[, A1,

. . i1 .
(C)=n’ € DQ—Z{; po Ry Sl < ol = >y In'l = Z?:j+1 ki, (2<)<
q—1)

(Cy)mt=a—-n = —ni~L.

Conversely, if |k| < |a|, then there is at least one vector n' satisfying (C1).
For any such n', there is at least one vector n? verifying (Co) and so on. Any
q-tuple (n',...,n9) chosen this way lies in V, .



Proof. For the direct implication, let (n',...,7%) in Vo ., sonl + -+ 707 =«
and || > k;. This immediately implies (Cy), the hyper-rectangle conditions
and the left inequalities in (C4),...,(Cy—1). The right inequalities follow from

Pl =lal =D I =Y ' <lal =D I => m (2<j<q-1).

1<j >j 1<j 1>j

Conversely, the double inequality |r1] < || =Y/, &1 < |a| shows that there
is at least one vector n! satisfying (C;). Fix j < ¢ — 1 and suppose we chose by
recurrence 1", ..., 77 ~! such that 1’ satisfies (C;) for 1 <1 < j — 1. Then from
the right inequality in (Cj_1)

4 j—2 q j—2 ' q
W< W =Y m= Y I =R = Y K
1=2 1=j 1=2

I=j+1

it follows that

j—1 q J—1
1 1
rj<lal=> In'l= Y mi<lal =) I,

1=2 I=j+1 1=2

which means there is at least one vector 7; satisfying (C;).
Finally, suppose that n',...,79~! were chosen. Since n9=! € Da_zq—lnl,
=1

the vector n¢ = a — Z?:_ll n' has non-negative coordinates. In addition, the
right inequality in (Cy_1) implies k4 < || — ?:_11 In‘| = |n?|, which, together
with the left inequalities in (C1), ..., (Cy—1), show that (n',...,n?) lies in V, ,,
and the proof is complete. [

As in the previous section, the next proposition regards the index domain
for the variables of the extended Bell polynomials:

Proposition 3. Let @ € NP\{0} and k = (k1,...,kq) € NI\{0} with |k| < |a.
Then
U supp(r) = Do jw) = {8 € Do : 18] < || — [5] + 1} (21)

Wepg,»e

Proof. For the direct inclusion, let 8 € NP such that 7;(3) # 0 for some w € P{
and some j € {1,...,q}. Then

lal =32 him() =) > hilni(y) + D 18Im(B) + |Blm;(8) >
=1 v

I=1~#8 l#j
q
> 181+ (m(B) =)+ Y > m(n) + Y m(B) =18+ x| - 1,
=1 ~v#8 l#j

thus |B] < |a| — || +1 = 3 < |a| — || 4 1, meaning that j lies in Dy, ||
Conversely, suppose § € D, with |8] < |a| — |k| + 1 and let v = a — S.
Since k # 0, x has at least one component, say x; > 1. Let then & = k — d,

10



which satisfies |&| = |x| — 1 < |y|. By the Proposition 2 b), there is at least one
g-partition 7 of y with |7;| = & for 1 <1 < ¢q. Define then 7 = (m1,...,7,) by
m =7 for I # j and m; = g+ 7;. Then clearly 7 is a ¢g-partition of o, |m| = Ky
for 1 <[ < g and in addition 7;(5) # 0, which completes the proof. [J

We can now reformulate the Fad di Bruno extension in the Theorem 3.2 in
terms of extended Bell polynomials:

Theorem 3.3. Under the hypotheses of the Theorem 3.2,

() o= 2 (o) o vz <(88>6f> §€ Dy |

r € N7 {6} 1<j<gq
k| < |af

where the extended Bell polynomials B,, ,, depend of a family of variables indexed
over the set {1,...,q} X Dy )| and are defined by:

1.2 ) ;i (B)
Bax | (75,8) B € Dy = Z %H H (%f) :

1<5<q¢q m€PL . J=1BEDa

We end this section by pointing out how the algorithmic construction of
the classes of g-valued vector partitions PZ and Pg, can be reduced to the
construction of the classes P, and P, of single-valued vector partitions.

It is clear from by (15) that constructing PJ means constructing each Pg
with 8 € D, and generating the set {n;,...,n, € N’ :n' + ... +n? = a}. This
latter set can be easily generated by a standard back-tracking scheme: select
any vector n' € D,, for each such choice select any vector n? € D,_, and so
on up to the choice of n?~t € Dy 1. _pa-o.

Concerning the set P, by the Proposition 2 its construction means gen-
erating the sets Pg ., for 3 € D,, and generating the set V, , defined in (19),
whose algorithm is clearly described by the Lemma 3.1.

The most delicate part seems to be the construction of the classes P, them-
selves, which will be the topic of the next section.

4. An algorithm for generating vector partitions

This section provides an efficient recursive algorithm to generate the sets of
vector partitions P,.

The generic idea of a recursion scheme in this framework is to give a set
of rules for transforming the partitions of some vector o € NP - which are
supposed to have already been generated -into partitions of a vector 8 € NP
which is "greater" than « with respect to some (partial) order on N”, such as
the natural partial order defined by o < 8 iff & € Dg. For the recursion to work,

11



it obviously suffices to define rules to transform for instance the partitions of
any vector o into partitions of the vectors o 4 eq, ... + e, where, as in the
previous sections (e;)1<;<p stands for the canonical base in RP.

In order to formalize such a set of rules, we will call a transition from P, to
Pg any set-valued map T, : P, — P(Pg), associating to each partition of o
a set of partitions of 5. For such a map and for 7 € P,, we will say that the
partitions of 8 in T,,_,g(w) are generated by .

For a transition-based algorithm to work, the minimal requirement is that
every partition of 8 should be generated by some partition of «, in other words
Urep,Ta—p(m) = Ps. If this happens, we say that the transition T, g is
"onto".

An natural efficiency requirement for a transition-based algorithm is that
one same partition of 8 should not be generated several times, i.e. from several
partitions of . Formally this means that T,,—,g(m1) N To—p(m2) = 0 whenever
m1 # mo. If this happens we will say that T,,,g is non-redundant.

Therefore an efficient algorithm, in the sense defined above, means a family
of non-redundant onto transitions (Ta—a+e;)aeNre,1<i<p-

In the one dimensional case, a simple and well-known recursive algorithm to
generate the partitions of n+1 from the partitions of n is the following: suppose
7 is an arbitrary partition of n,

n=1+--+1+4+--,
—_———
n(1)

where j; is the smallest term in the partition greater than 1 (if any). This
partition always generates at least the partition

nAl=1+FL14j+---
—_———
m(1)+1

of n+1, and furthermore, either if j; is missing (i.e. 7(1) =n), orif w(1)+1 < jy,
it also generates the additional partition

n+l=@L+1)+j+....
The transitions associated to this algorithm are:

{m+d1}, 1+7(1) > mg X
Tnosma(m) = { (461, 1716+ Spany)s 1+a(l)<my, @ (MEN)
(22)
where m, is the minimum of supp(m)\{1} if this set is not empty, or m, = n+1
otherwise (as in the previous sections, § denotes Dirac functions).
In the following we give a p-dimensional extension of this algorithm by con-
structing a transition family (T ate;)acnr\{0},1<i<p that extends (22).
Fix « € NP\ {0}, 1 < i < d and partition 7 in P,, and let us describe the
members of Ty, e, (7). Similarly to (22), Th—ate, (1) Will at least contain the
partition 7 + J, .

12



To specify the possible other members of T, ote, (7) we need to endow
NP with a suitable lexicographic order. We recall that any permutation o of

{1,...,p} gives rise to a total order denoted < on NP, by

a< B e (@m<p)(Vk <m) (o) = Botk)) NN Qoim) < Bo@m))s  (23)
representing a lexicographic order for which the coordinate o(1) has the highest
priority, then the coordinate o(2) etc. In our case we need any lexicographic

order < with o(p) =i, i.e. for which the i*" coordinate has the least priority.
This makes in fact e; the smallest vector in NP \ {#}. We will fix any of the

(p — 1)! permutations o with this property, and simply write < instead of <.
With respect to such a fixed order, put

Sp={B=(B1...,Bp) € supp(m) : B> e;, B; # 0} (24)
and
in Sr, Sz
My = i 70 (25)
a+te, S.=0,

The minimal vector m, plays a similar role as in the one-dimensional case
(22). In contrast, here there might be more than one additionally generated

partitions, depending on the (possibly empty) set:

K, ={B¢€supp(m)U{6}: 5, =0,e; < B+ (1+7(e;))e; <mr} (26)

Each vector 5 in K, gives rise to a newly generated partition 75 of o + e;
defined by:

=T 71'(61‘)(5@1, - 5/3 + 5ﬁ+(1+7r(ei))ei (27)

The formula above means that we remove from the partition = the w(e;) oc-

currences of the vector e;, together with the vector 3, and replace them by the
vector 4 (1 + 7(e;))e;.

Summing up, our algorithm is based on the transitions T, .o, defined by:

Tosate () ={be, + m}U{ms : B € Kz} (28)

Note that é., + m is the only partition generated by 7 that has the vector e;
in its support, while for the partitions of the type g we have mg(e;) = 0.

Here is an example how the algorithm works in the case p = 2. In this case
the choice of the lexicographic order is unique. The table below illustrates how
the partitions of (2,3) are obtained by (28) from the partitions of (1, 3). In the
example, instead of an additive notation we rather use a multiplicative notation
(more concise and easier to read), i.e. the vectors in the support of each partition
are simply appended and their multiplicities are indicated as exponents.
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B | 5 | mx | Kx | Ths)- () \
(1,0)%(0,1)3

(1,0)(0,1)3 0 (2,3) {(0,0), (2,0)(0,1)3
0.1} | @1
(1,0)(1,1)(0,1)2
11O 1 @y | @y | oy | oo
(1,0%(0,3)
(1,0)(0, 3) 0 (273) {(0,0), (2, 0)(0,3)
0.3} | @3
(1,0)(1,3)
1.3) sy | ws | o :
(1,0)2(0,1)(0,2)
(0,0, | (200102
(1,0)(0,1)(0,2) 0 (2,3) ©.1), 2,1)(0,2)
0.2} | @200
(1,0)(1,2)(0,1)
(1,20, 1) 2y | w2 | oy | woa
(l 1)(0 2) (1,0)(1,1)(0, 2)

{@ D} (L1 0 -

Let us prove now that the transitions Ty, 41, defined by (28) are non-
redundant and "onto" for any « € NP\ {0} and 1 < i < p. The next two
lemmas contain the main arguments for the non-redundancy and "onto" parts
respectively.

Lemma 4.1. Let a e NP\ {0}, 1 <i<p, we€ P, and f € K,. If T = 7g then
m, =B+ (1+7m(e;))e;. (29)

Proof. Put v = 8+ (1 + w(e;))e;. We show that + belongs to S;. Clearly
v =1+ m(e;) > 0. Since 8 € K it follows by (26) that v > e;. Also,

(v) = ms(y) =7(y) —7m(ei)de, (v) — p(v) +0,(7) =
m(y)+1>0

so v € supp(7). Therefore, by (24), « lies in S;. This means in particular that
S; is not empty, so m, = min S; < ~. But on the other hand v < m. because
B isin K. In conclusion m, = 5+ (1 + 7(e;))e; and the proof is complete.[

Lemma 4.2. Let « € NP\ {0}, 1 < i < p and 7 € Pyy., such that 7(e;) = 0.
Let m, as in (25), let k be the i-th component of m, and w = m, — ke;. Put

T=T—"0m, +0d,+ (k—1)d,. (30)
Then:
a) w lies in K;
b) T =m,.
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Proof. Let us first show that S, is not empty. If we suppose that S, = 0,
this implies that any vector 5 € supp(7) such that S > e; necessarily has 8; = 0.
Since e; ¢ supp(T), any S € supp(7), satisfies 8; = 0. But since 7 is a partition
in Pyte;, we have a + ¢; = ZﬂEsupp(T) 7(8)B, which cannot hold because the
right side has the i*" coordinate equal to zero, while the i*" coordinate of the
left side has at least 1. This shows that S is not empty.

It follows then from (25) that m, = minS,. Write m, = ke; + w, with
w; = 0. Since m. lies in S, we have k > 1 and m, > e;. Thus k > 1 if w # 0
and k£ > 2if w =0.

The next step is to prove that S, C S,. Indeed, if § € S, then (24) implies
w(B) # 0,8 > e; and B; # 0, so we only have to check that 7(8) # 0. This is
true because

7(8) = 7(B) + 6m, (8) = 0u(B) — (k= 1)d.,(8) =
= 7(B) +0m. (B) = m(B) > 0.

The fact that S; C S; implies m, = min{S;} < m, (see (25) and (28)).
Observe also that

m(e;) = T1(ei) — Om, (€;) + du(ei) + (k— 1), (e;) =7(e;) + k — 1 (31)

We show now that w lies in K. Clearly w; = 0, and from (31) we obtain
that

wH+(1+7n(e))e; = wH+(1+7(e;) +k—1)e; =w+ ke; =mg,
and so e; < w+ ke; = m, < my.
To prove a) it is now enough to see that w € supp(7) U{0}. Suppose w # 0.
Then
(W) =7(w) — 6 (W) + 0w (W) + (K — 1)d,, (w) = T(w) +1 > 0.

Therefore w € K, so a) is proved.
Now b) follows from (27) and (31):

Tw = T — W(ei)aei — 0w + 6w+(1+7r(ei))ei =
= T—0m, +0u+ (k—1)0, — (7(e;) + k= 1)0¢, — 00 + O =
= 7.0

We can now prove the main result:

Theorem 4.1. For any o € NP\ {0} and 1 < i < p, To—ate, defined in (28)
s a non-redundant transition from P, "onto" Py, .
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Proof. Let us show first that T, 44, is “onto”. Let 7 be a partition in Py, .
If 7(e;) # 0 then 7 belongs to Ty ate, (7), Where 7 =7 — 6,,.
If 7(e;) = 0, it follows from Lemma 4.2 that 7 = m,, for some 7 € P, and
u € K. By (28) this implies that 7 € Ty—,q+te, (7). Therefore Tp_,qc,i8 “onto”.
We show now that T, q4e, is non-redundant. Let 7 and ' two partitions
in P, and suppose T € To—a1e,(T) N Tosate, (7).
If 7(e;) # 0 then necessarily 7 = 7 + 0., = 7’ + d,, therefore 7 = 7.
Suppose now that 7(e;) = 0, thus 7 = 73 = 7}, for some € K, and 3’ €
K. From Lemma 4.1 it follows that m. = S+ (1+m(e;))e; = 8+ (1+7'(e;))e;
which implies that 8 = 8’ and 7 (e;) = 7’(e;). Then

0 = mg—mg =7 —m(e:)de, =I5+ 0p4(14m(e))es —
- (71'/ — 7'(€i)de; — 0pr + 5B’+(1+W/(€i))ei) -

/
= m—T.

Therefore T,,_, o+e, is non-redundant and the proof is complete.[]

In practical implementations, normally the partitions should be generated
only once (for as many vectors as necessary) and then stored. While recursively
creating these lists, new partitions can be arranged, as they are generated, in
the increasing order of their cardinals, in order to obtain the list P, as the
concatenation of the lists P, 1,P, 2 etc. In this way one can easily form if
necessary any specific extended Bell polynomial (14).
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